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Computa tiona l m e t h o d s
.F
The Brownian dynamics of filaments are handled as described previously (115-119) using the method of Tao et al. (143) . A single filament indexed by i has a position and orientation defined by the center of mass position x i and unit orientation vector u i . The filament center-of-mass equations of motion are
where the random displacement δx i (t) is Gaussian-distributed and anisotropic, with variance
and Γ −1 i (t) is the inverse friction tensor 
Here γ and γ ⊥ are the parallel and perpendicular drag coefficients of the rod, and F i (t) is the deterministic force on filament i. Similarly, the equations of motion for filament reorientation are
where γ r is the rotational drag coefficient, T i (t) is the deterministic torque on particle i, and the random reorientation δu i (t) is Gaussian-distributed with variance δu i (t)δu i (t) = 2k B T /γ r [I − u i (t)u i (t)] δt (S5) To achieve proper dynamics for both long and short filaments, all drag coefficients γ ⊥ , γ , and γ r were calculated using the method of Löwen (119, 144) .
Interactions with other objects contribute to the total deterministic force on a given MT: MTs interact sterically with other MTs, the NE, SPBs, and via crosslinkers/motors.
Supplementary material ilament dynamics MT-MT interactions
The steric interaction potential between rods is the Weeks-Chandler-Anderson (WCA) potential 
where r min is the minimum distance between the two finite line segments of length l that define the filament axes, and b is the effective rod diameter. Note that r min is an implicit function of the center of mass positions and orientations of the two interacting filaments. The potential gives a nearly hard-wall interaction, but is differentiable to give the forces necessary for Brownian dynamics. However, since the potential rapidly diverges as r min approach zero, care is taken to prevent rare but extremely large forces due to random displacements, as discussed in prior work (115).
MT-NE interactions
The NE boundary is also modeled with the WCA potential 
where here r min is the minimum distance between the free end of the MT and the enclosing sphere with radius R + σ/2. This allows for smooth continuation of the dynamics at the nuclear envelope which has an effective radius of R. Similar to the MT-MT interactions, forces were capped to prevent instabilities for rare high-overlap events.
SPB tethers
Each MT is tethered at its minus ends to one of the two SPBs with a Hookean spring with rest-length R 0 and spring constant K 0 , giving a potential u teth (r MT,i , r teth,i ) = 1 2
where L i is the length of MT i, r MT,i andû MT,i are the center of mass position and unit orientation vector for MT i respectively, and r teth,i is the vector connecting MT i's tether position on the SPB to the minus end of MT i. Torques on the MT are calculated with the force applied at the minus end of the tether's associated MT. The tether springs occupy zero volume and therefore do not explicitly interact with one another or any other objects in the system other than through the tethering potential. 
Motor/crosslinker-mediated interactions
We only consider forces from motors/crosslinkers that crosslink two MTs: motors/crosslinkers free in solution or bound to a single MT generate no forces. A crosslinking protein's location is defined by the coordinates (s i , s j ) of the distance of each head from the minus end of MT (i, j). The potential due to a single crosslink between two MTs is As with the tethers, motors/crosslinkers are assumed to occupy zero volume and do not interact directly with one another. Torques are calculated with the forces applied at the motor attachment sites.
Dynamic instability
We model dynamic instability as a continuous stochastic process. MTs in the growing state increase in length at constant speed v p , while filaments in a shrinking state decrease in length at constant speed v d . MTs in the growing switch to the shrinking state with the catastrophe frequency f c,0 , and those shrinking switch to the growing state with the rescue frequency f r,0 .
Our model incorporates force-dependent catastrophe (119, 147, 148) . The parallel component of force at the plus of an MT enhances the catastrophe frequency by the relation
Since motors/crosslinkers can directly or indirectly alter MT dynamics (85, 149), dynamic instability is also augmented by a motor/crosslinker near the MT plus end. We model this by adjusting dynamic instability parameters when a motor/crosslinker is within the threshold distance s of an MT's plus end. Each dynamic instability parameter for the attached MT is then scaled
Spindle-pole bodies
Since SPBs are typically anchored within the nuclear envelope, we modeled SPB motion using twodimensional Brownian dynamics on the surface of the NE. SPBs are confined to their tangent plane within the NE, and their motion is decoupled into two components: translational motion within the NE, and rotational motion about the center of the SPB (necessary to ensure proper tether motion within the SPB). The two drag coefficients necessary to define the motion of an isotropic object in a two-dimensional membrane immersed in a fluid can be calculated using the method of Petrov and Schwille (145). Unfortunately, this relies on knowledge of the bulk viscosities of both the membrane and the surrounding fluid. Since the nuclear envelope and the surrounding fluid are crowded, it is difficult to derive the drag coefficients from theory. Therefore, we directly measured the short-time translational diffusion coefficient of an SPB with no attached MTs ( fig. S1 ). The SPB is assumed to be in the limit where there is only weak dependence on the viscosities, which allows the approximation that the rotational diffusion coefficient is of order D t /a 2 where D t is the translational diffusion coefficient of the SPB, and a is its diameter. Limited tests of this relation indicated that there is only a weak dependence of spindle formation on the rotational diffusion coefficient.
Care must be taken to ensure proper dynamics of an object rigidly confined to a spherical surface. We define a right-handed coordinate system that is carried along the center of an SPB defined by the unit vectors (u, v, w) , where u points toward the origin (the center of the nucleus) and v and w are two arbitrary but perpendicular unit vectors that define the tangent plane at −Ru. Tether points are then represented in the lab frame by transforming their coordinates in the moving SPB frame (u, v, w) into the fixed lab frame (x, y, z).
Using these coordinate axes and drag coefficients, the translational equation of motion of an SPB can be cast as a rotational equation of motion about the origin
where F is the force in the plane tangent to the envelope and δu i (t) is Gaussian-distributed with variance
Body rotations about an SPB's axis u can similarly be represented as transformations in v and w. Since we constrain u to point toward the origin, it is sufficient to integrate the equation of motion in v and then
where T i,body (t) is the torque on the SPB about the axis defined by u.
For the purpose of SPB-SPB steric interactions, the SPBs are assumed to be spherical caps embedded in the nuclear envelope. Like other steric interactions in the system, we use the WCA potential for this interaction. Since the SPBs are small compared to the NE, it is sufficient to have the repulsion act along the vector connecting the two SPBs. This approaches the limit of the SPBs being spherical caps in the NE for small SPB diameter σ SPB . The potential for the SPB-SPB repulsion would be
with δr being the center to center distance of the two SPBs. However, this potential allows considerable penetration of the SPBs (10s of nm) for appropriate values of σ SPB . We therefore augmented this potential to be comparable to the MT repulsion
where
Prior to spindle formation, SPBs in S. pombe are linked by a bridge-like structure (95, 96), but little is known about what breaks the link between SPBs during mitosis. We did not model the dynamic behavior of the bridge, but instead implicitly increased σ SP B to include the measured size of the bridge. This assumption should not dramatically change the initial formation dynamics of the spindle, but SPBs that return to the adjacent configuration after separating could have artificial enhancement of spindle recovery.
To simulate the initial attachment of the SPBs via this bridge, the SPBs were held fixed while MT and motor/crosslinker dynamics resolved for a short SPB linkage time τ link of 5 seconds at the beginning of the simulation. During the linkage time, SPBs do not move, while but motors and MTs undergo their full dynamics. The effect of the linkage time was not studied in detail, but in some cases a small linkage time can keep the SPBs from moving apart before the MTs between the two SPBs crosslink.
Motors/crosslinkers
Motor-and crosslinker-mediated interactions and activity occur in an ensemble in which an explicit reservoir of motors is maintained in diffusive contact with filaments to/from which they can bind/unbind. The motors/crosslinkers are assumed to be noninteracting both in solution and in the bound state, so the motor/crosslinker reservoir can be treated as an ideal solution, and there is no steric interference among bound motors. We assume that, due to the relatively low motor and crosslinker concentrations we study and the availability of multiple surface binding sites on three-dimensional filaments, motors are generally able to avoid steric interactions with each other and with crosslinkers. We therefore neglect steric motor-motor, motor-crosslinker, and crosslinker-crosslinker interactions. Motors/crosslinkers can be unbound, singlybound, or doubly bound.
Unbound
Unbound (free) motors/crosslinkers are modeled explicitly as non-interacting Brownian particles with a diffusion coefficient D free . Each motor/crosslinker's motion is described by the equation
where x(t) is normally distributed random noise with variance δx(t)δx(t) = 2D free Iδt. Interactions with the NE of radius R are assumed to be reflecting: motors that travel outside the boundary between time t and t + δt reflect at their point of intersection along the boundary. This process is repeated iteratively during one timestep until the motor lies within the boundary (though one reflection is usually sufficient). Resolving the dynamics in this manner both preserves δt independence and gives a uniform spatial probability of finding a motor within the boundary in the absence of any MTs.
In order to both maintain detailed balance and rate-obeying binding/unbinding kinetics that converge to the experimental values, we modeled motor binding from solution to a single MT assuming that free motors/crosslinkers have a probability of attaching to a single MT with a weight proportional to the intersection length of the line segment defining the axis of the MT and a sphere of radius R cap centered at the motor/crosslinker position r m
where k 1 is the single motor/crosslinker dissociation rate, K a is the binding affinity per motor/crosslinker, int is an implicit function of x MT and u MT that gives the length of the MT axis that lies within the sphere at r m , and α cap is a scaling factor to achieve the same total binding rate as with an implicit uniform distribution of motors, given an infinite reservoir of motors. This treatment allows for binding only when a motor is near an MT and recovers the appropriate binding kinetics with a properly tuned α cap . We fix R cap to 1/2σ M T in the following work to simulate motors only attaching when near an MT.
We note that α cap has a weak dependence on MT length due to the differences in the spatial distribution of motors in equilibrium with the MT, giving different effective 'per site' binding rates for different length MTs. For the parameters used here, α cap (10 σ) ≈ 1.15, while α cap (60 σ) ≈ 1. α cap = 1.299 was used for all simulations in this work, giving slightly higher binding rates for shorter MTs than would be expected with an implicit reservoir of motors. Limited observations show that this has no noticeable effect on the outcome of simulations.
Singly bound
Once a motor/crosslinker binds to an MT, it is modeled explicitly as a non-interacting Brownian particle moving in 1D (along the filament axis). Since the motors/crosslinkers can have two different heads, the motion depends on the type of head, here labeled α. A motor head's motion along the MT coordinate x(t) is therefore described by the equation
where v
0α is the velocity of head α when singly bound and and δx(δt) is Gaussian random noise with variance 2D sb δt. Motors that reach the end of their parent MT enter the free solution in a uniform sphere of radius R cap centered at the coordinate from which they unbound, while crosslinkers pause at MT ends.
Singly bound motors are assumed to sample their possible conformations quickly enough that they can attach to nearby MTs proportional to the Boltzmann weight of attaching along each neighboring MT. To emulate force-dependent unbinding while retaining proper Boltzmann statistics/detailed balance, we assume the on rate carries an additional Boltzmann factor such that
where k 1 is the single head dissociation rate for the unbound head, R m,0 is the unstretched length of the motor/crosslinker, λ m is a dimensionless scaling factor describing the unbinding load sensitivity which controls force-dependent unbinding, K m is the spring constant for the doubly bound motor, and r(s) is an implicit function of x MT and u MT that traces the line segment along the axis of the MT. While this equation can not be integrated analytically, it can be transformed to rely on only the integration limits and the minimum distance between the infinite carrier lines defining the MT axes (with R m,0 , K m,0 , λ m , and β fixed). We can then rapidly determine the probability of a motor to attach its second head to another MT using a pre-calculated lookup table.
Motors that are bound to a single MT detach at a constant rate
where α cap is the scaling factor described above. To ensure that detailed balance is obeyed, detached motors/crosslinkers are immediately placed uniformly within a sphere of radius R cap from their unbinding point r m . To reduce the computational cost of motor unbinding, we note that all singly-bound motor/crosslinker heads (of a given type) detach at a constant rate, so unbinding events for a given timestep obey a binomial distribution. For each head type, the probability of detaching in time δt is P α = k 0 α cap δt. If the number of bound heads of type α at time t is N b,α , then a random number of motors/crosslinkers in a given timestep is detached according the binomial distribution with unbinding event probability P α and number of trials N b,α .
Doubly bound
Doubly bound motors obey the same basic dynamics as singly bound motors, except they have added forces, force-dependent velocity, and polarity-dependent velocity (depending on whether the MTs to which they are bound are parallel-or anti-parallel aligned). A single head indexed by α moves along the MT following the equation of motion
Here u α is the orientation vector of the α head's parent MT, F is the instantaneous force of stretched motor/crosslinker at time t, and D m,α is the diffusion coefficient for the α head. The force-dependent velocity relation is
where F m,s is the motor's stall force. In the parameter tables, if no specific polar or antipolar velocity is specified, then they are the same value.
Each head of a doubly bound motor detaches at a rate proportional to the motor complex's Boltzmann factor with the relation
where r m,a(b) is the absolute position of motor head a(b) in the lab frame. The unbinding probability for a single α head in a given timestep is therefore k 21,α (r m,a , r m,b )δt. We assume that in a given timestep only one head can unbind.
Initial conditions
All simulations started with the SPBs adjacent and their centers separated by the diameter of the SPB, σ SPB , plus the bridge size apart. Each MT was then inserted randomly at a position along its parent SPB, with the MT given a random orientation and initial length L min . Each of the available N tot motors/crosslinkers were then inserted into the solution within the nuclear envelope with a uniform random distribution. To mimic nucleation of the MTs, each MT was started in a paused state and switch to growing with frequency 0.56 /s. As mentioned above, we model the initial attachment of the SPBs by fixing the SPB positions while MT and motor/crosslink dynamics run for a linkage time τ link of 5 seconds at the beginning of the simulation.
Optimization
To constrain the parameters for which experimental measurements were not available (table S3) , we compared simulation results to experimental data. We quantified this comparison in an objective function that equally weights spindle length data from our fluorescence light microscopy measurements and structural data from electron tomograms (84, 120).
Since spindles do not maintain a constant length, but instead fluctuate, we compared length distribution data between our experiments and simulations. Similar to the experiments, spindle lengths of all the simulations for a given parameter set were recorded every 15 seconds. To capture the steady-state late-time behavior of the spindle, measurements were pooled starting 5 minutes after the first observation of the spindle being longer than 1.1 µm. We applied the same algorithm to the experimental data. To compare data between experimental samples and simulation data, we used the Kolmogorov-Smirnov (KS) statistical test for the similarity of the two distributions. Note that since a KS p-value lies between zero and one, the maximum that can be achieved is 1 for each test. Larger values indicate stronger similarity of the experimental and model distributions.
To compare spindle structure between the tomograms and our simulation results, we used four distributions to judge the maximum pairing length, the length distribution of all MTs, the length distribution of interpolar MTs, and the angular distribution of MTs relative to the spindle axis. For a given antipolar MT pair, each MT in the pair has a pairing length defined as the distance along each MT axis such that the central axis of one MT is within a threshold distance of the other MT's central axis. The maximum pairing length for a given MT is then simply the maximum of the pairing distances for that MT. Here we used a threshold distance of 50 nm between the central axes of the two MTs, as was used in analysis of the tomograms.
We compared simulation results to three spindle tomograms from wildtype S. pombe (84, 120). The tomogram spindle lengths are 1.04 µm (short), 1.84 µm (medium), and 2.15 µm (long). For simulations with a given parameter set, we determined the length distributions using model configurations for which the SPB separations were within ±50 nm of the reference tomogram. For example, within a single simulation, spindle properties for all simulation steps with spindle lengths in the range 1.035µm ≤ spindle ≤ 1.045µm were collected. As above, each distribution is compared to the data using the KS test p-value. Since we ran multiple simulations for each parameter set, we picked the maximum KS-test p-value from the simulations performed. We averaged the comparisons for each of the four distributions and each of the three spindle lengths.
The objective function value for a given parameter set is the average of the spindle length and tomogram functions.
Particle swarm algorithm
We used a particle swarm optimization approach (121) to identify values of the poorly constrained parameters that best match the experimental data for parameters that successfully form spindles. The outline for the algorithm is as follows:
1. Generate a random initial population of size N = 48 with wide bounds on the parameters that are poorly constrained (table S3) . These parameters are sampled uniformly within the bounds. The vector of all variable parameters for set i is X i .
2. For each parameter set, generate a uniformly sampled random initial 'velocity' v p = U(−(p min − p max ), (p min − p max )) to give a velocity vector V i .
3. Run 8 simulations for each parameter set. Measure the objective function of each parameter set, as described above. For each parameter set:
(a) if the measured objective function for parameter set i is better than that measured in the history of parameter set i, set X i,best = X i , where X i,best is the parameter vector with the best objective function value for set i.
(b) if the measured objective function for parameter set i is better than that measured in the history of the entire population, set X best = X i where X best is the parameter vector with the best objective function value for the entire population.
4. Update the parameter vectors: Table S5 : Strains used in this study.
(c) The updated X i = X i + V i . If any parameters exceed their boundaries, reflect that parameter at the boundary.
5. Repeat steps 3-4 until termination.
Motor localization
Motor distributions for monopolar spindles were measured for SPB configurations in which the linear separation of the SPBS δr = |r SPB,2 − r SPB,1 | was less than 2 σ SPB . For singly bound motors, the absolute distance between the motor head position and its parent SPB position was binned. For doubly bound motors, the average distance between each head and its parent SPB position was binned. These absolute distances from the parent SPB were collected for different models of kinesin-5 bidirectionality.
Motor positions for bipolar spindles were measured for SPB configurations in which the linear separation of the SPBS δr = |r SPB,2 − r SPB,1 | was less than 1.3 µm. Since SPB separations can vary nearly a µm in this range, we used a scaled coordinate along the spindle axis to bin motor positions. For singly bound motors, any motor for which the attached head was within 1.2 σ SPB of the spindle axis (defined along the vector r SPB,2 − r SPB,1 ) was counted as a spindle motor. For doubly bound motors, the motor center needed to be within 1.2 σ SPB of the spindle axis to be counted as a spindle motor. The motor was then binned along the projection of the motor position along the spindle axis, normalized by the length of the spindle axis.
Crosslinker-only model
The model with crosslinkers only ( fig. 5A ) was changed in three ways (table S4): the rescue frequency was increased by a factor of 3.5 or more, the number of crosslinkers was increased by a factor of 2.3, and the linkage time was decreased to zero.
Spindle elongation and nuclear envelope deformation estimate Force of spindle elongation
The force exerted by the spindle that would be exerted on the nuclear envelope by the SPBs was measured by summing the force normal to the surface of each SPB: the quantity −F SPB · u SPB with the forces directly on the envelope from each MT's parent SPB along the spindle axis F MT · u SPB . The forces from the two SPBs were then averaged, and then the average late time force was taken with the same technique as other late time measurements.
Force of nuclear envelope deformation
Consistent with previous work (127-129), the free energy of a sufficiently long membrane tube is
where σ is the surface tension, κ the bending rigidity, R the radius and L the length of the membrane tube, and f the applied force. If the tube has a radius, R 0 , the force is
In the case of a 100-nm radius SPB, we find that f 0 = 14.5 pN, using the estimates κ = 2 × 10 −19 J and σ = 1.3 10 −5 N/m for fission-yeast nuclear envelope of Lim et al. (127) . However, Derenyi et al. (129) calculated that for smaller membrane distortions, the force required to create the tube is non-monotonic and reaches a maximum larger than f 0 . They found an approximate expression for the force as a function of distortion for a point force exerted on a membrane, which we use as an estimate for the force required for membrane distortion by an SPB
where the integration constant a ≈ .54, and c ≈ 4.0. The maximum force is then approximately
For SPB distortion of the nuclear envelope, this maximum force is f max = 17 pN. Therefore, when average steady-state forces exerted by the spindle on the nuclear envelope are above this value, we estimate that the spindle would be unstable due to nuclear envelope distortion.
SPB are green, and to the other SPB are purple. SPBs are not shown. Kinesin-5 motors are red, kinesin-14 motors are blue, and passive crosslinkers are black. Time is shown in minutes, seconds, and tenths of seconds.
Simulation of the model with short tether connecting MT minus ends to SPBs. Images are projections into the plane of the full 3D model. Grey circle indicates largest diameter of the nuclear envelope. Note that when spindle poles do not appear on the perimeter of the circle shown, they remain attached to the nuclear envelope at some point above or below the sphere's equator. MTs tethered to one SPB are green, and to the other SPB are purple. SPBs, motors, and crosslinkers are not shown.
(single-minus model in which kinesin 5s are minus-end directed only when attached with one head to a microtubule). Images are projections into the plane of the full 3D model. Grey circle indicates largest diameter of the nuclear envelope. Note that when spindle poles do not appear on the perimeter of the circle shown, they remain attached to the nuclear envelope at some point above or below the sphere's equator. MTs tethered to one SPB are green, and to the other SPB are purple. SPBs, motors, and crosslinkers are not shown.
Simulation of model with low kinesin-14 and low crosslinker number (kinesin-14 and crosslinker numbers are 1/3 of reference values). Images are projections into the plane of the full 3D model. Grey circle indicates largest diameter of the nuclear envelope. Note that when spindle poles do not appear on the perimeter of the circle shown, they remain attached to the nuclear envelope at some point above or below the sphere's equator. MTs tethered to one SPB are green, and to the other SPB are purple. SPBs, motors, and crosslinkers are not shown. Simulation of model with low kinesin-5 and high kinesin-14 number (kinesin-5 number is 2/3 of reference value and kinesin-14 number is 5/3 of reference value). Images are projections into the plane of the full 3D model. Grey circle indicates largest diameter of the nuclear envelope. Note that when spindle poles do not appear on the perimeter of the circle shown, they remain attached to the nuclear envelope at some point above or below the sphere's equator. MTs tethered to one SPB are green, and to the other SPB are purple. SPBs, motors, and crosslinkers are not shown. Simulation of model with high kinesin-5 and low kinesin-14 number (kinesin-5 number is 5/3 of reference value and kinesin-14 number is 2/3 of reference value). Images are projections into the plane of the full 3D model. Grey circle indicates largest diameter of the nuclear envelope. Note that when spindle poles do not appear on the perimeter of the circle shown, they remain attached to the nuclear envelope at some point above or below the sphere's equator. MTs tethered to one SPB are green, and to the other SPB are purple. SPBs, motors, and crosslinkers are not shown.
Supplementary video captions
video S6. Simulation of the model with a high kinesin-5 number and a low kinesin-14 number. fig. S1 . Results of SPB diffusion measurements. Mean-squared displacement (MSD) of the three- (A) Low K5 and K14 number (f K5 = 1/3 , f K14 = 1/3, fractions are relative to the number in the wild-type model.) (B) Low K5 and high K14 number (f K5 = 1/3, f K14 = 5/3.) (C) High K5 and low K14 number (f K5 = 5/3, f K14 = 1/3.) (D) High K5 and high K14 number (f K5 = 5/3, f K14 = 5/3.) fig. S10 . Individual simulations of the model with varying kinesin-5 and kinesin-14 numbers from Fig.  5C . Left, SPB
